Interaction energy integral method Thermal stress intensity factors (TSIFs) Electric displacement intensity factor (EDIF) a b s t r a c t This paper presents a modified interaction energy integral method to analyze the thermal stress intensity factors (TSIFs) and electric displacement intensity factor (EDIF) in nonhomogeneous piezoelectric materials under thermal loading. This modified method is demonstrated to be domain-independent, even when the nonhomogeneous piezoelectric materials contain interfaces with thermo-electro-mechanical properties. As a result, the method is shown to be convenient for determining the TSIFs and EDIF in nonhomogeneous piezoelectric materials with interfaces. Several examples are shown, and they successfully verify the domain-independence of the present interaction energy integral. The study results also show that the mismatch of material properties can significantly influence the TSIFs and EDIF, particularly when the crack tip is close to the interface. Crack angles and temperature boundary conditions are also shown to significantly influence the TSIFs and EDIF.
Introduction
Piezoelectric materials, which can be used in sensors, ultrasonic transducers, and piezoelectric motors, have attracted the attention of many researchers (Sosa, 1992; Suo et al., 1992) . The piezoelectric effect is identified as the reversible interaction between a mechanical stress and an electric voltage in such a material, i.e., an applied mechanical stress generates a voltage, and an applied voltage changes the shape of the material. In piezoelectric materials, fracture is an important failure mode (Rao and Sunar, 1993) . Further understanding of the fracture mechanism in piezoelectrics will contribute to better applications of these materials.
Many researchers have studied the fracture problems in piezoelectric materials under mechanical loading and thermal loading conditions. Sosa (1992) deduced asymptotic expressions for the electromechanical fields in the vicinity of the crack and studied the effects of the electric field on crack arrest and crack skewing in two-dimensional piezoelectric materials. Zhang et al. (2002) and Zhang and Gao (2004) presented the theoretical analyzes and experimental observations of the failure and fracture behavior of piezoelectric materials. Ueda (2007a Ueda ( ,b, 2008 obtained the thermal stress intensity factors (TSIFs) and electric displacement intensity factor (EDIF) in a functionally graded piezoelectric strip by solving a series of singular integral equations. Mai (2002, 2003) and Wang and Noda (2001) studied the fracture problems in piezoelectric materials under steady state thermal loading and thermal shock loading. Kuna (2006) and Kuna and Ricoeur (2008) defined a thermo-electro-mechanical J-integral and studied the thermal crack problems in smart structures. Rao and Kuna (2010) obtained the stress intensity factors (SIFs) and EDIF using interaction integrals in functionally graded piezoelectric materials subjected to thermal loading. However, the authors did not consider a situation in which the piezoelectric materials contain interfaces. Rao (2009) and Rao and Kuna (2008) also studied the fracture problems in functionally graded magneto-electro-elastic materials subjected to mechanical loading using the domain form of interaction integrals. Yu et al. (2012) used interaction integrals to solve the SIFs and EDIF of piezoelectric materials with complex interfaces. The investigators proved that the interaction integral formulation does not involve any derivatives of mechanical and electric properties. However, they did not consider the thermal fracture problems of the piezoelectric materials.
Although many publications present studies of the mechanical and thermal fracture problems of piezoelectric materials, essentially no reports of thermal fracture problems have been given when the integral domain in piezoelectric material contains interfaces. Hence, in this paper, we aim to develop a modified interaction energy integral method that can be used to obtain the fracture parameters in nonhomogeneous piezoelectric materials with interfaces and to study the effects of material discontinuities on the TSIFs and EDIF.
The basic equations for piezoelectric materials under thermal loading
In this section, first, the temperature field for the thermal fracture problem in piezoelectric materials is determined. Then, the governing equations for a piezoelectric media subjected to thermal loading in the absence of body forces, electric charges, and heat sources are presented.
The temperature field is assumed to satisfy the 2-D steady Fourier heat conduction equation,
where k x and k y are the thermal conductivities along the x-axis and y-axis. As shown in Fig. 1 
In the Finite Element Method (FEM), the temperature distribution in an element can be expressed as
where N is the shape function in which the ith component is N i and T e is the node temperature in which the ith component is T i . In this paper, m = 4 denotes that a 4-node element is adopted. The integration of the Fourier heat conduction equation leads to
The equation for the temperature of the element can be written as
½K
e fT e g ¼ 0;
where the heat conductance matrix of the element, given as K e , is
The assembly of the temperature equations of every element leads to the global temperature equations group ½KfTg ¼ ff g; ð7Þ
where [K] is the global stiffness matrix, {T} is the vector of nodal temperature, and {f} is the vector of the corresponding element force. Using Eq. (7) and the temperature boundary conditions, the temperature field can be calculated. The governing equations for a piezoelectric medium subjected to thermal loading in the absence of body forces, electric charges, and heat sources are given below.
The constitutive equations for the piezoelectric material are
the kinematic equations are
and the equilibrium equations are
where h i = À k ij DT, h i and k ij are the heat flux and the coefficients of heat conduction, respectively. Additionally, DT is the difference of the absolute temperature between the temperature and the stress-free reference temperature T 0 . In Eqs. (8)- (10), a comma denotes partial differentiation, and the repeated indices denote summation; u i , r ij , /, D i , and E i are the elastic displacements, stresses, the electric potential, electric displacements, and the electric field, respectively; C ijkl , e lij , j il are the elastic stiffness, piezoelectric constants, and dielectric permittivity, respectively. In Eq. (8), the temperature stress coefficients k ij and the pyroelectric displacement constants v i , which are related to the tensors of the thermal expansion coefficients a kl and the pyroelectric field constants g l , are shown below:
We define e 
where e th kl and E th l are the thermo-electro-mechanical components of strain and the electric field, respectively.
According to Eq. (12), the constitutive equations can be simplified as
According to Hwu (2008) , Eq. (13) is equivalent to the following set of equations:
Using the relationship between the indices 11 ? 1, 22 ? 2, 33 ? 3, 23 ? 4, 31 ? 5, 12 ? 6, Eq. (13) 
Using the matrix C ek , we can write
As a result, the thermal expansion coefficients and the pyroelectric field constants can be expressed by k kl , v l , and the generalized matrix C ek .
3. The interaction energy integral for piezoelectric materials under thermal loading
Auxiliary fields for piezoelectric materials
In this subsection, the auxiliary fields used in the interaction energy integral method for piezoelectric materials are introduced. As shown in Fig. 2 , the polar coordinates (r, h), the auxiliary electromechanical stress and the auxiliary electrical displacement fields can be written as (Rao, 2009; Yu et al., 2012) r aux ij ðr; hÞ ¼
The auxiliary mechanical displacements and the electric potential are defined as
The auxiliary strain fields, the electric fields and their relations to the auxiliary electromechanical stress and auxiliary electrical displacement fields are given by 
Interaction energy integral for piezoelectric materials without interfaces
The J-integral given by Kuna (2006 Kuna ( , 2010 for piezoelectric materials is J ¼ lim In this paper, the crack faces are assumed to be mechanical traction-free and electrically impermeable. According to this assumption, it is straightforward to show that the J-integral can be reduced to the following form on one closed contour C 2 :
Here, m j is the outward normal vector to the contour C 2 , Fig. 2 , and q is an arbitrary smooth weight function with values that vary from 1 on C 0 to 0 on C 1 .
Consider two independent equilibrium states of the cracked body. Let state 1 and state 2 correspond to the actual state and an auxiliary state, respectively. The superposition of these two states leads to a new equilibrium state. Using Eq. (28), the J-integral corresponding to the new state, denoted by J auc+aux , can be expressed as
The variables with superscript ''aux'' and the variables without the superscript belong to the auxiliary state 2 and the actual state 1, respectively. The expansion of Eq. (28) leads to
where the interaction energy integral related to the actual state and auxiliary state can be derived as
According to the definition of the auxiliary fields and Eqs. (13), (14), and (26), we obtain
Thus, the interaction energy integral can be simplified as To avoid a potential source of inaccuracy during computation, the contour integral is converted into an equivalent domain integral (Moran and Shih, 1987) . By applying the divergence theorem to Eq. (33), we obtain
where
Expanding the nonhomogeneous term I nonh , we obtain
According to the equilibrium equations, we have
Then, the nonhomogeneous term of the interaction energy integral becomes 
Substituting Eqs. (40) and (41) into Eq. (39), we have
For further derivation, two extra strain fields,ê aux ij
where S tip ijkl , g tip kij , and b ik are the material parameters evaluated at the location of the crack tip. According to the extra strain fields, we can obtain the following formulae:
Using the definitions of the extra strain fieldsê 
According to Eq. (14), the third and fourth terms in Eq. (42) can be expressed as
Substituting Eqs. (47)- (50) into Eq. (42), the nonhomogeneous term I nonh can be determined as
Finally, the interaction energy integral for the thermal fracture problems of piezoelectric materials can be written as
where the last term in Eq. (52) is the thermal contribution to the interaction energy integral, which can be denoted by I thermal and further written as
This is a new term in the interaction energy integral for the thermal problems of piezoelectric materials. If all fields involved in Eq. (52) can be obtained, then the interaction energy integral for piezoelectric materials without any interfaces can be determined.
Interaction energy integral for piezoelectric materials with an interface
In this section, we discuss the interaction energy integral method for piezoelectric materials with an interface.
As shown in Fig. 3 , the integral contour C 2 is divided by an interface C interface that is perfectly bonded. Thus, domain A is di- C 01 and C 02 , respectively, and where
When the interface intersects the integral path C 2 , the form of the interaction energy integral in Eq. (33) can be rewritten as 
Additionally, I interface is a line integral along the interface, determined as the expression shown below
Here, the terms within the two parentheses marked by the superscripts r and s mean that the terms are associated with domains A + and A À , respectively. To simplify the line integral, I interface , curvilinear coordinates (n 1 , n 2 ) are defined. As shown in Fig. 4 , point P and its coordinates of (n 1 , n 2 ) can be expressed as
where Q (x 0 , y 0 ) is a point on the interface C interface closest to the point P. The expression
¼ m i can be obtained from the definition of the curvilinear coordinates.
According to the definitions of the auxiliary fields, auxiliary mechanical displacements, auxiliary stresses, auxiliary electric potential, and auxiliary electric displacements and their derivatives should be continuous on both sides of the interface. Therefore,
Then, the interface integral can be written as
The temperature fields on both sides of the interface C interface are usually continuous, we have
Because the material interface is in equilibrium, the tractions and the surface charges on both sides of the interface C interface are equal. Thus,
Because the interface is assumed to be perfectly bonded, the derivatives of the mechanical displacements and the actual electric potential with respect to the curvilinear coordinate n 2 are equal on both sides of the interface, C interface . This yields
Applying the strain-displacement relations and using the symmetry of r aux ij , the first integrand in Eq. (63) 
Similarly, using the definition of the electric field and substituting Eq. (66) 
Similarly, the sixth integrand in Eq. (63) becomes
Substituting Eqs. (69)- (74) 
Finally, the interaction energy integral in Eq. (54) for piezoelectric materials with an interface can be determined. Now, the applicability of the present interaction energy integral is considered. It is evident that the present interaction energy integral is applicable to the study of thermal fracture problems in homogeneous piezoelectric materials in the absence of interfaces. In the following discussion, we assume that three types of interfaces in the piezoelectric materials, including (1) a mechanical interface, (2) an electrical interface, and (3) a thermal interface.
For the first two types of interfaces, there are no derivatives of the mechanical and electrical properties in Eq. (54), thus the interaction energy integral is applicable in these two cases.
Next, we focus on whether the present interaction energy integral is applicable to thermal fracture problems in piezoelectric materials with a thermal interface. For convenience, we discuss two types of thermal interfaces, a weak thermal interface and a strong thermal interface. A weak thermal interface means that the thermal properties are continuous but that their derivatives are not continuous on both sides of the interface. Alternatively, a strong thermal interface means that both the thermal properties and their derivatives are discontinuous on either side of the interface.
To state the problem clearly, we discuss individually whether the terms in Eq. (54) are applicable to the study of problems with a thermal interface.
(i) There are no thermal properties in the first two terms of Eq.
(54). Hence, the first two terms are applicable to the thermal interface. (iii) For the last term, I interface , if the thermal interface is weak, the thermal properties on both sides of interface are continuous, so the last term in Eq. (54) vanishes, i.e., I interface = 0. Thus, I interface is applicable to the case with a weak thermal interface. For a strong thermal interface, although their derivatives are either discontinuous or do not exist on both sides of the interface, the interface integral I interface does not contain any derivatives of thermal properties. Thus, I interface is also applicable to this case with a strong thermal interface.
Therefore, the interaction energy integral is applicable to all cases discussed above, regardless of whether the material properties on either side of the interface are continuous or not.
Due to the arbitrarily chosen domain size in the above derivation, the present interaction energy integral is domain-independent. In the following subsection, we discuss how to obtain the TSIFs and EDIF using the domain-independent interaction energy integral developed above.
Extraction of the TSIFs and EDIF from the interaction energy integral
For piezoelectric materials, the relationship between interaction energy integral and the intensity factors are given as (Rao and Kuna, 2008) 
Similarly, if the auxiliary state is the mode-II or mode-IV fracture state, Eq. (77) can be reduced to
respectively. By solving the set of Eqs. (78)-(80), the TSIFs and EDIF then can be obtained if the interaction energy integrals I
, I (II) , and
Examples and discussion
In this section, first, a thermal crack problem in a piezoelectric plane is studied to verify the validity of the present method. Then, the domain-independence of the interaction energy integral is checked in a nonhomogeneous piezoelectric material containing an interface, as well as lacking an interface. Next, the influence of the material discontinuity on the TSIFs and EDIF is investigated. Finally, the inclined crack problems in piezoelectric materials subjected to different thermal loadings are considered.
Verification of the present method
To verify the applicability of the present method, a thermal crack problem in a piezoelectric plane is studied. As shown in Fig. 5 , a central crack is present in a homogeneous piezoelectric plane. The crack length is 2a and the thickness is 2h. The length is assumed to be 2L = 8h relative to an infinitely long plane. It is as-sumed that uniform temperatures T 0 and ÀT 0 are maintained at the top and the bottom planes, respectively. The crack faces are assumed to be thermally and electrically insulated. In 2007, this problem was studied by Ueda (2007b) . The material properties and the boundary conditions are the same as those used by Ueda (2007b) . Fig. 6 shows a comparison of the present mode II TSIFs with the analytical values given by Ueda (2007b) . It can be seen that the present results agree well with those of Ueda.
Verification of the domain-independence of the interaction energy integral
Note that in the works by Ueda (2007a, b) and Rao and Kuna (2010) , the crack faces are treated as thermally insulated. However, in our work, the crack surfaces are assumed to be permeable with respect to temperature fields.
Three numerical simulations are run to assess the domain-independence of the present interaction energy integral. A piezoelectric plate that contains an edge crack of length a is shown in Fig. 1 , where W denotes the width, and L, the length. The material properties vary along the x-axis and can be expressed as ðC ij ; e ij ; j ij Þ ¼ ðC ij0 ; e ij0 ; j ij0 Þ expðbx=WÞ; First, we set the nonhomogeneous parameters to be same, i.e.,
To verify the domain-independence of the TSIFs and EDIF, in this example, five different integral domains with R C /R tip = (4, 8, 16, 24, 32) , as shown in Fig. 7 , are chosen. Here, R tip is the edge length of the element that contains the crack tip, and R C is the radius of the reference circle whose center is located at the crack tip. Table 1 presents the normalized TSIFs and EDIF for different integral domains. It can be found that the relative error is less than 0.1%.
According to Eq. (21), the thermal expansion coefficients a kl and the piezoelectric field constants g l are homogeneous in the piezoelectric plate when b = x = d. Next, we discuss whether the domain-independence of the interaction energy integral still holds for nonhomogeneous a kl and g l . The nonhomogeneous parameters are set to be b = 0, Table 2 presents the normalized TSIFs and EDIF in a nonhomogeneous piezoelectric material for different integral domains. It can be seen that the relative error is less than 0.2%. In the above two examples, the interface integral I interface in Eq. (76) is zero because there is no interface in the plate.
At last, we verify the domain-independence of the present method for a piezoelectric plate with an interface. A perfect bonded interface is present in the middle (x = 0.5W) of the nonhomogeneous piezoelectric plate. On the left side of the plate, the material is assumed to be homogeneous, that is, the nonhomogeneous parameters b = x = d = 0. On the right side of the plate, the material properties are also homogeneous, but the properties are expressed as ðC ij ; e ij ; j ij Þ ¼ ðC ij0 ; e ij0 ; j ij0 Þ;
In this case, the interface integral I interface in Eq. (76) is not zero because the thermal expansion coefficients and the piezoelectric field constants on both sides of the plate are discontinuous. Table  3 shows the normalized TSIFs and EDIF for different integral domains. It can be seen that the relative error is less than 0.2%, regardless of whether the interface intersects the integral domain (R C =R tip P 8) or not (R C /R tip < 8).
Thus, the above three examples successfully verify the domainindependence of the present interaction energy integral method.
Influence of the thermo-electro-mechanical properties on the TSIFs and EDIF
In this subsection, the influence of the thermo-electro-mechanical properties on the TSIFs and EDIF is investigated. As shown in Fig. 8 , an inner crack is present in a nonhomogeneous piezoelectric plate with an interface. The symbols A and B denote two crack tips. The crack length is 2a, and the x-coordinate of the crack center is c. The interface is perfectly bonded and located at the center of the plate (x = 0.5W). In this example, the width W and the length L are set to be 20, and the crack length is a = 1. The boundary and initial conditions for the temperature field are the same as those used in previous examples. 
Table 1
The mode-I TSIFs and EDIF for different integral domains with the same nonhomogeneous parameters. To study the influence of the mechanical properties on the TSIFs and EDIF, the material properties are defined as follows. On the left side of the plate (x 6 0:5W), the material properties are given by ðC ij ; e ij ; j ij Þ ¼ ðC ij0 ; e ij0 ; j ij0 Þ expðbx=WÞ ðx 6 0:5WÞ; 
On the right side of the plate (x > 0.5W), the thermal conductivity can be expressed as ðk 1 ; k 2 Þ ¼ ðk 10 ; k 20 Þ expðxx=WÞ ðx > 0:5WÞ:
Three cases for the other material properties are chosen as 
where b = x = d = 0.25. In Case 1, the mechanical and electrical properties and their derivatives are continuous. In Case 2, the mechanical and electrical properties are continuous but their derivatives are discontinuous. In Case 3, both the mechanical and electrical properties and their derivatives are discontinuous. In the above three cases, the interface integral is zero because the thermal expansion coefficient and the pyroelectric field constants are continuous on both sides of the interface. Note that when the crack tip is on the interface or very close to it, the stresses lose the inverse square root singularity and instead they abide by (Hutchinson and Suo, 1992) r ij $ Kr Às f ij ðhÞ; ð94Þ
where the factor K plays a role analogous to that in the regular SIF, and f ij (h) are dimensionless angular distributions. The singularity exponent s (0 < s < 1) depends on the mismatch of the material elastic properties. If the ratio of the distance between the crack tip and the interface to the crack length is more than 0.03, the inverse square root is still valid (Erdogan et al., 1974; Wang and Chau, 2001; Yu et al., 2009) . In this work, a similar assumption as that of Erdogan et al. (1974) , Chau (2001), and Yu et al. (2009) is adopted, namely, the distance from the crack tip to the interface is restricted to be no less than 3% of the crack length. The stress singularity in the computation process should remain À0.5. Figs. 9-11 show the normalized mode-I TSIFs and EDIF computed by the present method for the three cases. It can be observed that when the crack passes through the interface, the mode-I TSIFs and EDIF for Case 1 vary smoothly. However, a sudden change in the values of the mode-I TSIFs and EDIF can be observed when the crack is close to the interface (c/W % 0.45 or c/W % 0.55), as in Case 2 and Case 3.
Next, we study two more cases in which the interface integrals are not zero. For these two cases, the material properties on the right side of the plate are set to be Case 4 ðC ij ; e ij ; j ij Þ ¼ ðC ij0 ; e ij0 ; j ij0 Þ expðbx=WÞ
Case 5
From Eqs. (95) and (96) In this example, the nonhomogeneous parameters are adopted as x = d = 0.125. The crack length is a = 0.05W = 0.05L, and the crack angles range from 0°to 150°. Two cases are chosen for the temperature boundary condition on the left and right of the piezoelectric plate, i.e., T 1 = T 2 = 10°C and T 1 = 10°C, T 2 = 100°C. The boundary conditions on the top and bottom and the initial condition for the temperature field are the same as those given in previous examples. Table 4 and Table 5 show the normalized TSIFs and EDIF for different crack angles and temperature boundaries. It can be seen that the crack angle and the temperature boundary can also significantly influence the TSIFs and EDIF.
Conclusions
A modified interaction energy integral method is developed to solve the crack problems of nonhomogeneous piezoelectric materials under thermal loading. This modified method is shown to be domain-independent. Thus, it provides the possibility to investigate crack problems in nonhomogeneous piezoelectric materials containing mechanical, electrical, and thermal interfaces. The domain-independence of the approach is verified by several examples. The present method can be used to obtain the TSIFs and EDIF with high efficiency. The influence of the material properties on the TSIFs and EDIF is investigated. It is found that mechanical, electrical, and thermal property mismatch at the interface can (Park and Sun, 1995) 
Here, Re{ } and Im{ } denote the real part and the imaginary part, respectively, where p a are conjugate pairs of eigenvalues, and A Ma are the (4 Â 4) eigenvectors, which can be solved by a quadratic eigenvalue problem. , and j tip ij are the elastic stiffness, piezoelectric coefficient and dielectric permittivity tensors evaluated at the crack tip location, respectively. Only the four eigenvalues p a having a positive imaginary part and the corresponding eigenvectors are used in Eqs. (A1)-(A4).
The (4 Â 4) matrices M Ma and N aN can be calculated by (Park and Sun, 1995) 
The fracture parameters are functions of the material properties, external loadings, external electrical displacement and geometry.
